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The initial flow field of an incompressible, viscous fluid around a circular cylinder,
set impulsively to move normal to its axis, is studied in detail. The nonlinear
vorticity equation is solved by the method of matched asymptotic expansions.
Analytic solutions for the stream function in terms of exponential and error
functions for the inner flow field, and of circular functions for the outer, are
obtained to the third order, from which a uniformly valid composite solution is
found. Also presented are the vorticity, pressure, separation point and drag.
These quantities agree with the numerical computations of Collins & Dennis.
Extended solutions developed by Padé approximants indicate that higher tha n
third-order approximations will yield only minor improvements.

1. Introduction

The analytic solution of the full Navier—Stokes equations for the flow field
over an impulsively started circular cylinder is at present beyond our capabilities.
In order to analyse the flow, one must resort to an iterative procedure. The
method of matched asymptotic expansions was developed for a systematic
treatment of such iteration.

Previous theoretical investigations of the initial flow over an impulsively
started circular cylinder at finite Reynolds numbers consist notably of the work
of Wang (1967) and of Collins & Dennis (1973 a, b). Wang applied the method of
inner and outer expansions. He formulated the problem in the spirit of boundary-
layer theory, by solving the two momentum equations in polar co-ordinates.
Assuming the solution to proceed in power series of the normalized time, he
derived the first two approximations, within which the pressure is constant
across the boundary. In the third approximation to be obtained, the pressure
begins to vary across the viscous layer. Collins & Dennis (1973a) presented
a somewhat different approach. They formulated the problem in the boundary-
layer variables, and derived solutions for only the inner region. These were not
matched with any outer solution, but adjusted to match the uniform flow far
from the cylinder. They were expanded in powers of normalized time and
boundary-layer variables. The first approximations were derived analytically,
the succeeding were computed numerically to seventh order. Collins & Dennis
(1973b) also numerically integrated the time-dependent Navier—Stokes equa-
tions for flow past an impulsively started circular cylinder. Their numerical
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626 M. Bar-Levand H. T. Yang

solution is satisfactory initially, in agreement with their earlier boundary-layer
results (1973 a). It is also valid at later times, when separation has begun and the
viscous layer thickens, but before the wake becomes asymmetric.

In the present work, the formulation consists of only one governing nonlinear
equation, that of the vorticity. The troublesome pressure field, which is unknown
a priori, is thus eliminated. As a consequence, the resulting vorticity equation is
one order higher than the momentum equations. However, an integration with
the matching condition between inner and outer flows will reduce the order by
one. The inner flow is governed to all orders by a linear partial differential equa-
tion, whose solution is related to the parabolic cylinder function. The outer flow is
shown to be irrotational to the third order, governed by Laplace’s equation. This
makes the solution of the outer flow field particularly simple: mere inspection of
the matching condition. The gauge functions in the asymptotic expansion are
found by iteration, rather than assumed a priori. Inner and outer solutions to
third order, and the resulting composite solutions, are obtained. The flow pattern
is depicted, from which separation and eddy formation behind the cylinder are
discernible. The vorticity and the strength of the vorticity source on the cylinder
surface are calculated and plotted. Also presented are the progression of the
separation point, the pressure distribution on the cylinder and the time history
of drag. Padé approximants are used in an attempt to improve the results
obtained. This seems to indicate that higher than third-order approximations
add only minor corrections.

2. Matched asymptotic expansions

The governing vorticity equation for time-dependent, incompressible, viscous
flow, Rosenhead (1963, p. 121), in non-dimensional form is

%‘;-)—~er(wa) = e2aViw, (1)

where e = (UyTy)[lo a = (eRe)~1. (2)

In (2), ,, T, and U, are respectively the reference length, time and velocity,
Re = (U,l,)/v, the Reynolds number. Hence, Re = §R;, Ry = (2U,ro)[v,, the
Reynolds number based on diameter. In our work, /,is the radius ryof the cylinder.
For the initial phase of the flow, € is a small quantity. For moderately large
Reynolds number, « is finite. Consequently, we may expand the solution to (1)
in only one parameter, ¢. The original time variable may be recovered by the
simple transformations

_ o
=1

et =T, elat)t = (T[Re)t. (3)
Here t* is the dimensional time, and 7T is a new non-dimensional time.
In polar co-ordinates, define a stream function i such that
10y o

Up=—= 25 U= (4)
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The vorticity equation (1) then becomes

[%+e; (%f— 565—%% —:—;) —e2ocV2] V& =0, (5)
in which

#1481

o ror rtaor

V2

It may be seen that, if the outer stream-function expansion consists of powers ¢,
Yo=yi+ X ey, (6)
n=2
then (5) with the initial condition of irrotationality gives
VL =0, n=23,.... (7)

In other words, the outer flow is irrotational to all orders of . To be more general
than (6), the outer expansion is agsumed to be of the form

Yo=Yt X A0y ®)

In later matching procedures, the gauge functions &,(¢) will be found to be as
in (24) and (32):

S,(e) =em1, n=23. 9)
Therefore, to third order at least, the expansion (6) is valid and the outer flow
remains irrotational, being governed by the Laplace equation (7). The leading

term in the outer stream-function expansion is that of a potential uniform flow
over a circular cylinder of unit radius:

Y = (r—r1)sinb. (10)
Since Y satisfies the uniform flow boundary condition at infinity, we require
Y9 =0 as r—>o0, n=23,.... (11)
The solution to (7) satisfying condition (11) is
Y = kEIr"‘[Ak(t) sin k0 + B, (t)cos k0], n=2,3,.... (12)

The coefficients A, () and B,(t) will be determined by matching with the inner
solution. The simple form of (12) will facilitate the solution for the outer flow
field.

In the present singular perturbation problem, the region of non-uniformity
near the cylinder should be stretched to unity order. Let the thickness of this
region be A,(€), which vanishes as ¢ vanishes. The proper stretching of the radial
co-ordinate is then

R = (r—1)[A(e). (13)

In order to magnify the inner-flow stream function ¥%, which is a function of the
stretched inner variable R, we set

PR, 0,8) = Pi(r, 0,£)[3(e). (14)
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By requiring that the tangential velocities inside and outside the inner region
should be of the same order, we get, from (4), (13) and (14),

8(e) = Ay(e). (15)
The inner expansion of the stream function is assumed to be of the form
Iﬁi(T, ,t;€) = El Am(e) Zk_:n(R’ 0,t), (16)
ms=

in which A,(€) are the gauge functions to be determined in (27) and (36).

3. First-order solution

Substituting the inner expansion (16) into the vorticity equation (5) and letting

€ vanish, we get
2

— ] L 2
Yirge —lim [K“RE)] Virrrr = 0-

€0

Setting A,(€) = ¢, we get the linear equation governing the first-order inner
expansion:

Virr— Y irrrr = 0- (17)
Integration of (17) with respect to R yields
Vire—a¥irrr = f(6,9). (18)
The no-slip boundary conditions on the cylinder are, from (4),
¥i(0,0,t) = 0, ¥ir(0,0,t) = 0. (19)

The matching condition is that the tangential velocity at the edge of the inner
region R->co0 approaches that in the outer region as r—1. Employing the
asymptotic principle (Van Dyke 1975, p. 90), we obtain

%iR(OO: 0,t) = 1,5“1),.(1, 0,), (20)
where 3¢ is given by (10). Applying matching condition (20) to (18) gives
f(6,t) = ({rt(lseat)”‘aezlﬁ({m(l’eat) =0, (21)

by virtue of (10). The governing equation (18) is now identical to that for the
impulsively started plate, the Rayleigh problem, except that the local first-order
outer velocity on the cylinder should be used instead of the constant impulse
velocity. The solution to (18) with (21) subject to the conditions (19) and (20) is

Yip = 2erfysing, y¥t= fRJ{R dR = 4(at)i[nerfy —mH(1 —exp (—7?))]sind,
° (22)
where 7 = R/{2(at)}). (23)

We note that, on the cylinder surface, the normal derivative of the tangential
velocity from (22) is always positive for 0 < 8 < 7. Therefore, the first-order
expansion does not predict any flow separation. Equations (10) and (22) are the
first-order solutions.
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4. Second-order solution

Applying again the asymptotic matching principle (Van Dyke 1975, p. 90),
with m = 1in (16) and n = 2 in (8), we obtain

O(e) =€, ¥Y(1,0,t) = —4mi(axt)tsinb. (24), (25)
Comparison of (12) with (25) yields the second-order outer solution
Yi(r,0,t) = —dm ¥ at)r-1sin 6. (26)
The contribution of (26) to the outer stream function is, through (3),
€Yy = —4m¥(T[Re)t r-1sin 6.

The effect is equivalent to that of a doublet, whose strength grows with the
square root of time. The displacement is symmetric fore and aft of the circular
cylinder, owing to the symmetry of the first-order inner solution (22).

The second-order inner solution may be found by setting m = 2 in (16) and
n = 2 in (8) in the matching, with ¥} given by (26). We obtain

Ayle) = €2, Yip(00,0,t) = —2(R —2m¥(at)})sin 0. (27
Substitution of (16) into (1) yields the second-order inner flow equation

Vire—a¥iprr = H{1— (erfn)? + 2m~texp (~7?) [y —erfoy — (1 —exp (- 72))]}
x sin 6 cos 0 + 2n~4(a[t) (1 + exp (—92))sinf. (28)

The no-slip boundary conditions are
Uig(0,0,8) = 0, J§(0,6,t) = 0. (29)
The solution to (28), satisfying conditions (27) and (29), is

Vig = at)i[ﬂi(l-—exp( %)) — 277+377erfc77]sin0
+4t{(772—-l)erfcz77— nexp(—y?) erfey + —1--—?— - 3+i 72 |erfey
2 mt 3 37
+i 1+-—1— exp(— 2)——4—ex (—n? 2 —29%)}sinfcosd, (30
—\1+35; ) 7exP(=7%) —5_exp (~77) +~exp(—2y%);sin G cos b, )
- 4 mh 3mt .
1)/f;=;T;at[—-7)2+277——(1—erfm))+——772erfc77—%77exp(—772) sin @
+ 8t(at)%[ 11 1exp (—7%)erfer — 3@ 2 erfc N2
+3nterfoly —3 yr ®exp (—7*)erfen +5- neXP( — 21%) — jrerfciy
4 3 4 4
=2\ a2 kil P JRill) e e
+(97, ) exp (—7%)— ( )77 erf077+(1+97,)7r 77exp (—7?)

2 1 2 4
—_ = a3 1si
+37r%erfc77+(2 )ﬂerfeﬂ+(3J2 o 1) ]sm@cosﬁ. (31)
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We have recovered Blasius’s solution (Schlichting 1968, p. 400; Rosenhead 1963,
p- 372) and Wang’s correction for finite Reynolds numbers (Wang 1967). The
first term in (30) is symmetric about the 90° radius, but the second is not; in fact,
it is negative over the rear of the cylinder. (See Schlichting 1968, figure 15.1.)
This part of the solution will cause thickening of the boundary layer at the rear
of the eylinder and, eventually, separation and back flow. The second-order
solution consists of (26) and (31).

5. Third-order solution

Using the asymptotic matching principle with m = 2 in (16), n = 3 in (8)
and the second-order solution (26) and (31), we get the third-order gauge function
and the matching condition

O3(e) = €2, (32)
4
= — -3 i
¥3(1,0,t) atsin 0+ St(at)d (3J2 foe ) sin @ cos 6. (33)
Comparison of (12) and (33) determines
—_ ~1 — — —2 q1
¥y = —atr~lsin  + 8t(at)im—2 (3\/2 o 1) sinf cos 4. (34)

The contribution of the third-order outer expansion to the outer expansion is,
through (3),
€2 = — (T'|Re) r—1sin 0+ 8T (T|Re)t m—% (37/_2 -——% - 1) r~2sinfcosf. (35)

The first part is equivalent to a doublet with strength symmetrical around the
top of the cylinder, the second is a quadrupole, the strength of which is no longer
symmetrical around the top. This will cause displacement that is more pro-
nounced at the rear of the cylinder.

A correction is needed in the inner flow, to take care of the modification of the
velocity at its boundary owing to the third-order outer flow. Matching the
tangential velocities with m = 3 in (16) and n = 3 in (8) gives

As(e) = €?,

Yin(x,6,t) = 3R?sin 6 — 7% (at)? Rsin 0 + ot sin 0
_ 16 4 .
t(at) (3J2 o 1) sinfcos 0. (36)

Substituting the inner expansion (16) into the vorticity equation (11), eliminating
the parts that correspond to (17) and (28), and letting € vanish, we get the equa-
tion for the third-order inner flow:

Vipr—Wirrrr = — Vigs+ BUine — Voo — VinVinne— Vi Virre + VieVirrr
~YinUing+ RUipUinn + VigVinr ~ RUS Virrr
+ Ve Virrn+ 2V irrr — 2RV iRRR + 2V inRes — Virrl- (37)
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The boundary conditions are the matching conditions (36) and the no-slip
conditions on the boundary,

ipg(o’ g, t)=0, JgR(O’ g, t) = 0. (38), (39)

We integrate (37) and use the matching condition (36) to evaluate the constant
of integration. The solution is

Yin = atsin 0f, (1) + 8t(at)t sin 6 cos Og(n) + 82[sin 6 cos? Of 5(n) — sind OF 5(n)],

(40)
where

fily) = 1——77+1277 —erfery — 32y2erfey + ,ﬂeXP( 7%),

14 2
= }yerfe?y + §yerfe?y + (5—1-+—— i) nierfey

97 2
89,9 21‘/ rfcy + rfen + L xp (—n?)erfe
T2 )7° ’73%6 Tt g oxpi—eren

2 35 2
+my%exp(—7 )erfcn+ﬂ‘*(7‘/ —3——%) eXP(—ﬂg)+—iﬂeXP(—ﬂz)

181 14 1742 P
- —_—— 3(2[m)t
m %( 51 T on )17 exp (—9?) —§(2[m)terfe 27

—-—ﬂeXP( 2 )—%(ﬁz— ——4—),

3 9

(40a)
Fy(y) = f5(4n*+ 3)erf?y

L2 A ot ane— _ 2
+[8 (1+3n)(47] +4n2—1) 127,%(147] 97)exp (— )]erf 7
2 2 1 4\ . \
[2(1+—)7] +3 +37r 12ni(1+§)(14ﬂ +159)exp (—7%?)

1
— (42— — 92
+ 371(477 5)exp (—27 )] erfy

1 2 10 8 4
| — J— 3 _ e _ _m2
S P
+ 2 (14 =) 72+ 1) exp (— 20%) — 7 (1875 + B1n)exp (= 397)
37 37 40 ms

16\/2 2 gﬂ 4 2
o exp(—7 )erf\/27]—80ﬂ(477 + 1292+ 3)erf /3y

8 2 5 1 8 3
(45n2+”—) (4" +127% + 3) (24 30n_45n2_'5'7ﬁ)

x [(49* 4 1292 + 3) exfyp + 7 }(49® + 10p exp (— 7?)], (400)

+
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Taln) = Fy(n) —4(2n* + 3p2) erf3 9
['{1“ ) 4773+3)+ 77+2fr%(773+77)exp(—772)]erf277
{1

2
I

+2 08+ Dexp (- 2 ent

+§ﬂfi(1+§27r)17—%[(2+§)77+ﬂ—%(1+§47ir)]exp(—772)
—g,;,;;[ﬂ*(1+%7) (772—2)—477]exr>(—2772)

1 93
3 — 3n2y4+ X2 1 2
+ 53 (547° + 125) exp (- 39°) + 75— (47" + 1272+ 3)erf /3 9

8 2 4 2
+<§7—”2+§;)(47l +1297% 4 3)

8 1 ,9/3 1 3
(27”2+ P e 4)[(4,, + 1272 +3)erf77+-(277 +51)exp (—7?) ]

(40¢)
The third-order solution consists of (34) and (40).

6. Composite solution

Having an outer expansion valid in the outer region, and an inner expansion
valid in the inner region, we can form a single composite solution which is
uniformly valid throughout the whole flow field. We form the composite solution
by summing the inner and outer expansions and subtracting out the common
part. The common part is the mateching quantity we derived in each of the
matching procedures. Performing the composition to the third-order expansion,
we get (see Van Dyke 1975, p. 94)

. 2Tt | 2 2
Y, = sinf(1+r-2—2erfey) + 5oy sin 0 (%—%exp (—7%)+ 377erfc77)
+ 47 sin 0 cos 0{(772 —$)erfe2y— 7%7] exp (—n?)erfcy
1 2 4 4 1
gl Jall) P = = —n2
+[(2 377) (3+3ﬂ)77]erfc77+ﬂ%<1+3ﬁ)7yexp( 7)
4 2
- 42 — 92
3, 8XP (=7%) + ~exp (=27 )}
T 29
g —2_ — 3992 = —n?
+Resm0(r erfcy — 32y erfc'))+7r%77exp( 7 ))

TTH 2 (42 4\ 1
+8m51n00050[—%—§(—§——1—§;)r—3

+7%(é;/—2— 1~~9%) +g(77)]

+ 8T"%[sin 0 cos? Of () — sin3 OF,(y)], (41)
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= sine(r._r—1)+—T3sm0n—%(—r—l—n%nerfcn+exr>(—772))

Ret
T -
+R—sm0(—r 1 +erfoy + 692 erfc?]—— nexp( 7 ))
TTh . 4,2 4 11
—_— e ] s Ao NG P ST —_p2
+8 Ta smﬁcosﬂ[ ( 977) +6ﬂ&exp( 7% erfey

~$(2/m)} erfe/2n + dyBerfe? g — 527;772 exp (—7?%) erfcy

1 3 4
_ —9p2) - 1 e 1 ~n?
+3-76xp (—27°) —jperfe?y—n (2 9)eltp( 7°)

2
(1+ )77 erfc77+7r—i(1+——)17 exp (— 172)+ erfcn+(%—§7—r)77erfc77]
TT% 15
R R%smﬁ[ 7;erfc7;+€77;(1—exp(—7]2))

32
+32p2erfey + 3—73772 exp ( -7;2)]

2

+ 16T
Re

sin § cos 0 [511174 erfe2y + 1nderfe?y +5%(1 — erfe2y)

e ?7"eXP(—772)erfc77—ineXP(—ﬂ“)erfc ——l—vzexp(—nz)erfcn
1273 87t 2

+m 1~ exp(—92)erfey) + 1(581 ;4 7\/2)77 erfe %nerfc'r]
W2 275 13

+ (-%——1—2§~2_4_) erfy — §(2[m)tnerfe 279 — 5(2/m)berf /21
51,1472 1, .
(_8—+-97r )47&77 exp (~7%) +5 7" exp (~277)

25 7 7 \
+(1—sﬁ+36n 10)"_ nexp (=17

+ (1= exp (~79) + g nexp(— 277 — o (1 —exp( — 2))

278
161,’;,3, [s1n000s Gf fa(n)dn —sind Gf 3(77)d77] (42)

Note that
= (r—1) Re}/2T%.

7. Flow properties

The velocity profiles (41) and lines of constant stream function (42) for
Re = 500 (R; = 1000) and T = 1-0 are plotted in figure 1. As we shall see in
figure 7, separations started before ' = 0-4, and back flow occurs in the separated
flow region.
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Freure 1. Velocity profiles and streamlines at B; = 2Re = 1000, 7' = 1.
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Figure 2. Vorticity distribution on the cylinder at B; = 2Re = 0.
Figure 3. Vorticity distribution on the eylinder at B; = 2Re = 10000.

In the case of an impulsively started cylinder, the fluid is initially free of
vorticity. As the cylinder moves through the fluid, vorticity is generated at the
solid surface, shed and diffuses into the fluid. On the cylinder surface r = r,, the
vorticity is

2 Ret . . 4 .
V) = Vrrtep = p- £51n0+sm0+7—1—1—} (1 +_:;—4;r) RetTtsin 6 cos O
15 T% 101

. 58 .
+-27’—%msm6—4(7«/2——16--—ﬁ7—1)TSIIIGCOS@

8 108389 128 11\ .
— - Re}T3 alal 2
kel [( 307 | 13570 12)81“0"08 9

64 27/3—-11 T\ .
+(45n2+ 307 —E)sm 0]. (43)
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Ficure 4. Vorticity distribution on the eylinder at B; = 2Re = 1000.

V] 0 45 90 135 180

T = 02

Collins & Dennis (19734, figure 3) 0 1-74 1-80 0-78 0

Collins & Dennis (1973b, figure 13) 0 1-77 1-80 072 0

Present 0 1-749 1-788 0-733 0
T = 04

Collins & Dennis (19734, figure 3) 0 1-56 1-30 0-13 0

Collins & Dennis (1973b, figure 13) 0 1-57 1-30 0-11 0

Present 0 1-565 1-310 0-127 0
T =10

Belcher et al. (1972, figure 1) 0 1-52 1-0 —0-79 0

Collins & Dennis (1973a, figure 3) 0 1-50 1-0 —0-78 0

Collins & Dennis (1973, figure 13) 0 1-50 1-0 —-0-78 0

Present, 0 1-520 0-989  —0-767 0

TaBLE 1. Comparison of the vorticity distribution wR;} = w(2Re)—#
on the cylinder at Re = o
g 0 45 90 135 180

T =02

Collins & Dennis (1973b, figure 11) 0 26-0 58-0 55-0 0

Present 0 25-02 58-04 55-28 0
T =10

Collins & Dennis (1973b, figure 11) 0 —10-9 30-00 45-0 0

Present 0 —18-26 32-45 44-20 0

TanLE 2. Comparison of the vortieity distribution
on the cylinder at B; = 2Re = 1000
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The vorticity distribution on the eylinder is plotted in figures 2—4 for various
Reynolds numbers. Table 1 compares the vorticity distribution

6)/R} = w(6)/Ret

on the cylinder at Re = co of Collins & Dennis (1973 a, b) with the present analytic
results, at T' = 0-2, 0-4 and 1-0. For the case 7' = 1-0, the numerical computation
of Belcher, Burggraf, Cooke, Robins & Stewartson (1972) is also included. The
agreement is seen to be very good. Table 2 compares the vorticity distributions
w(0) also at R; = 2Re = 1000 for T' = 0-2 and 1-0. It is seen that agreement is
again very good at small times. When 7" = 1.0, where the present expansion is not
expected to be valid, the agreement is less satisfactory, particularly in the rear
separated flow region. A vortex sheet, represented by the singular first term,
forms on the surface at the impulsive start 77— 0. Later, the vorticity diffuses
out into the fluid. The gradient of vorticity at the rear stagnation point, which is
negative initially, grows positive, indicating separation and back flow.

It is of interest to develop the vorticity gradient along the normal to the
surface, which is the flow of vorticity per unit area per unit time out of the surface.
This quantity, multiplied by —v, may be termed the strength of the local
vorticity source S = —p(éw/ér), . Normalizing 8 as § = U3S|r,, we get

_ 7
S = Re- {21}1;}sm0+4Res1n00050+(9—%—2)31110
303 26_17_4 6942
7%
4( T —21/2+ Pt ni 5 *)Re Tisin 6 cos §
15 T# 01 58
5 s Zogsind— 4(7J2 TR )Ts1n000s0

8 108J3—89 128 11
—Ret T 20
+ﬂ§Re T [( 307 +1357;2 12)sm6?cos

64 27311 7\ .
+(45n2+ 30m 12)Sn 0]} (44)

The strength of the vorticity sources along the cylinder is plotted in figures 5
and 6. Note that the higher the Reynolds number or the less viscous the flow,
the less is the decrease with time of the vorticity strength. For the initial time,
the viscous-layer thickness is of order (¥¢)}, thinner for less viscous flow;
then the vorticity source on the surface must adjust the velocity jump over
a thinner layer.

The separation point on the cylinder is the point at which the vorticity
vanishes (which means that the streamlines close to the surface are no longer
parallel to it) and the vorticity gradient along the cylinder is negative, indicating
a normal flow away from the cylinder. To find the separation point, we set the
vorticity on the cylinder (43) to zero. Differentiating with respect to the tangential
co-ordinate 6, we see that the separation starts always at the rear stagnation
point. The progression with time of the separation point is plotted in figure 7
for different Reynolds numbers. We observe that the separation angle tends
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Ficure 5. Strength of surface vorticity source at By = 2Re = 2000.
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Ficure 6. Strength of surface vorticity source at B; = 2Re = 200.

asymptotically to some value which is, presumably, the steady separation angle.
The lower the Reynolds number, the closer this angle to the rear stagnation
point. The time of the initial separation at the rear stagnation point is plotted
in figure 8. Also plotted for comparison are the curve of Wang (1967), which uses
only the second-order expansion, and the two curves obtained numerically by
Collins & Dennis (1973a,b). The third-order expansion curve is close to that
predicted by Collins & Dennis, although somewhat lower. At B, = 2Re = 500,
the values of separation time found by Collins & Dennis are 7, = 0-396 (1973 a)
and T, = 0-394 (1973b). See Collins & Dennis (19735, table 3). Our analytic
result is 0-365, which is in close agreement with the recent numerical result of
0:37 obtained by Panikker & Lavan (1975). For Re->co, the second-order
solution for the initial separation time is the same as that of Blagius, which was
also obtained by Wang (1967), namely,

8 -1
T= (2+—) = 0:351.
3
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0 180 166 146 138 124 110
Re = o

Collins & Dennis (1973 a, 0-322 0-331 0-39 0-43 0-589 0-90
figure 2)

Collins & Dennis (19735, 0-322 0-33 0-39 0-42 0-59 1-10
figure 6)

Sears & Telionis (1975, 0-35% 0-36 0-40 045 0-60 1-11
figure 10)}

Present 0-322 0-330 0-389 0438 0-602 1-089

t Trajectory of zero wall shear. 1 Telionis & Tsahalis (1974, p. 1496).

TasLE 3. Comparison of progression of separation point at Re = <

The third-order solution is the same as that of Goldstein and Rosenhead, which
was obtained by Collins & Dennis (1973 a, (75)), namely,

7 1o k) (782 +21643—138 8\¥]( 512 11+21643—178 -1
= t37) T\ 3502 157 3) |\1352 73 157

= 0-3195.

The first term of Collins & Dennis (1973 a (75)), or the denominator above multi-
plied by 7%, is the additional term wgy(x, ) of Collins & Dennis (1973a). Thus, the
inadequacy of Wang’s results is removed by the present third-order expansion.
In fact, it is the senior author’s perception of this improvement that motivated
the present study. Incidentally, the curve of Wang in Collins & Dennis (1973a,
figure 1) should be displaced as in our figure 8. By the Padé approximant, the
improved initial separation time for Re - cois a little shorter ag shown in figure 8,
contrary to the results of Collins & Dennis. The definition of the separation point
in unsteady boundary-layer flow is currently much under discussion. (See Riley
1975.) Since the present analysis is based on the full Navier-Stokes equations,
the definition proposed by Sears & Telionis (1975) in unsteady boundary-layer
equation solutions involving Goldstein singularities does not apply here. The
definition given at the beginning of the paragraph is used for all Reynolds
numbers. As Re->co, the separation point’s progression with time obtained
analytically by the present third-order expansion is compared with that by
Collins & Dennis (19734, b) in table 3. The agreement is excellent, especially at
small times, as expected. The trajectory of zero wall shear given in Sears &
Telionis (1975), based on Telionis & Tsahalis (1974), also shows good agreement
with the present results, except at the initiation of the zero wall shear. We did
not encounter particular difficulty between 0-6 < T' < 0-8, asreported in Sears &
Telionis (1975) in the calculation of radial velocity at Re = co. The comparison of
the progression of the separation point at finite Reynolds numbers between
Collins & Dennis (19735) and the present result is made in table 4. As expected,
the higher the Reynolds number, the better the agreement.

By manipulating the radial and tangential momentum equations, we can
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0 : i80 170 160 150 140 130 120 110
Re = 100, B, = 200
Collins & Dennis (1973b, 0445 046 049 054 064 088 14
figure 6)
Present 0-401 0-408 0-433 0479 0-561 0-717 1100 1-923
Re = 500, R; = 1000
Collins & Dennis (19735, 0371 0-39 040 045 051 064 093 16
figure 6)
Present 0-350 0-355 0-376 0-410 0-472 0-582 0-808 1-711

TaBLE 4. Comparison of progression of separation point at finite Reynolds numbers

derive an expression for the pressure coefficient based on the pressure at the for-
ward stagnation point,
0 =p(0)-p0= _g_ o ,a_(i)
Y 0 " Be o \7r . dé. (45)
Using (44), we get

e - [_4+ (3_f:§_84J2——g§+ 138(2/77)*—'?%%'*%5?772)1%
- (2&/2 +%ﬁ721_ 28«/2) %;] sin® 6
+[_ (13-3—2—) Re—x_% Re—iT"}+%ﬁ%
+(4§:2+27J§J11__17_2)51%%](1—c050)

The square-root time singularity in the second bracket of (46) is due, obviously,
to the impulsive start.

The pressure coefficient C9 is plotted in figures 9 and 10 for several Reynolds
numbers. In order to perceive the tendency of the pressure distribution toward
that at a later time, we plotted the curves up to a normalized time of 1-8.
Although our expansion may not be valid at this time, it nevertheless indicates
the basic behaviour of the pressure distribution. In the limiting case, Re— oo,
the pressure coefficient is identical to that of the potential flow, as expected.

The drag on the cylinder has two parts, the form or pressure drag and the skin-
friction drag. The pressure drag coefficient can be expressed as a vorticity
quantity D, 9 (7 (0w

Cp, = pUir, Re fo (E‘
Using the vorticity gradient on the cylinder from (44), we get

ey 15\ 15 T%
ODP= 27k Re—3T %+7T(9—-;T-;)Re I_ET;E%
108y3—89 128 11 ( 64 27y3—11 7\ Tt
3 _u A il
+2m [( 307 ' 1357 12)+3 T5m2 T 307 12)]12@#‘ (47)

) sin§ do.
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Ficure 10. Pressure coefficient at B; = 2Re = 1000,

The square-root singularity in time in (47) can be explained as the result of the
impulsive nature of the cylinder motion. At the start of the motion, the cylinder
displaces the fluid particles on the surface with infinite acceleration. The cylinder
experiences, therefore, an infinite resistance of the fluid to its impulsive motion.

Expressing also the skin-fraction drag as a vorticity quantity, and using (43),
we get

D, 2 (7 .
GDf— pU‘Z)To = EJ‘O (a)),.osmﬁdﬁ
m 15 Tt
= 3 M Nk S
2t T-1Re i+Re+ 5 Mgt

108/3—89 128 11 64 27J3—11 17\]TT4
_omh _u IR
2m [( 30m " 1367 12) 3 (45712+ 307 12)] B 48)

At the start of the impulsive motion, a discontinuity in the tangential velocity
exists on the surface. This discontinuity causes an infinite shear stress, and
consequently gives rise to infinite drag, as indicated by the square-root singu-
larity in (48). After the start, the vorticity diffuses, and the finite velocity jump

41 FLM 72
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Ficure 11. Pressure and skin-friction drag coefficients at B; = 2Re = 500. ©, Schwabe
(1943). Panikker & Lavan (1975): » Up,; — - —, Cp,.~———, Up_ and Cp,, second
order (Wang 1967); —O—QO—, Cb,, third order; — x — x —, Up,, third order.

near the surface is spread over a small but finite thickness. The magnitude of the
shear stresses reduces, and skin-friction drag decreases. We observe that the
leading terms in (48) and (47) are identical, so that at the start of the motion
the contributions of the skin-friction drag and the pressure drag to the total
drag are equal.

The time history of pressure drag (47) and of skin-friction drag (48) at B; =
2Re = 500 are shown in figure 11, which is essentially Panikker & Lavan’s (1975,
figure 6). It is seen that the third-order expansion agrees better than the second-
order with their numerical solution. Their pressure drag reaches a minimum at
T = 0-9, then rises because of the growth of separated flow region, and agrees
with the first experimental point of Schwabe (1943). Since the present analytic
solution is valid for 7" < 1, at B; = 500 we could infer 7" < 0-5. On account of
(2) and (3), for higher Reynolds number, 7" may be closer to 1, or even a little
beyond. The total drag coefficient is

D

~ pUGr,
adding (47) to (48). The time history of drag (49) at B; = 2Re = 500 is plotted
in figure 12, after Panikker & Lavan (1975, figure 7). It is seen that the present
third-order solution is in excellent agreement with Collins & Dennis’s (1973 a),
extended. For T" < 0-05, agreement between the present result and the numerical
computation of Panikker & Lavan (1975) is good. The numerical value of Thoman

Cp = 4miRe~ T} + 7 (9 - %) Re 1, (49)
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Ficure 12. Drag coefficient at R; = 2Re = 500. ©, Thoman & Szewczyk (1969),
R; = 600; ----, Collins & Dennis (1973a); ——, Panikker & Lavan (1975); —-—,

second order Wang (1967); —(O—(Q—, third order.

& Szewczyk (1969) is too high. The total drag rises at 7' = 0-9 owing to the
increase of pressure drag. This trend is also shown in other numerical computa-
tions, except those of Jain & Rao (1969, figure 4), where the drag coefficient
decreases monotonically with time. The drag coefficient for various Reynolds
numbers is plotted in figure 13. The drag coefficients in the limiting case Re— o0
are plotted in figure 14.

8. Padé approximation

The flow properties we developed are presented as a truncated double power
series in time and Reynolds number. Our interest is in the time change of those
properties at a constant Reynolds number. We therefore fix the Reynolds number
in those expressions, and let the series proceed in powers of 7. The maximum
number of terms in the series is five. Since there are not enough terms to use the

41-2
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Ficure 14. Drag coefficient at B; = 2Re = co.

various techniques of series improvement (Van Dyke 1974), we are left with the
Padé approximants (Baker 1975). The highest Padé diagonal we can use is [2/2],
which requires knowledge of the first five coefficients.

The first two Padé diagonals for the power series

S(e) = E}Oan en
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are [1/1] = a,a,+ (a2 —aq,a,) €
a; —ag€

bl

[2/2] = ao(ad — a, ag) + [ay(a3 — a,a3) + ay(a, @y — @pa4)]€
(02— a,a3) + (a,04— ay03) €+ (a§ — aya,) €2
[a)(ad —aya,) +a (a0, — aya,) + ay(al — a, a,)] €2
(a3 —a,a,) + (@, 04— Ay 03) € + (a3 — a50,) €2

The [2/2] Padé approximant was applied to (43) and equated to zero. This series
governs the progression of the separation point on the cylinder. The progression
of the separation point on the cylinder is plotted in figure 15. Comparing the
results with figure 7, there is close agreement for Reynolds numbers higher than
500 or even 100. For Reynolds numbers below 500, the time for the initial
separation at the rear stagnation point, as predicted by the Padé approximant, is
later than that calculated by (43). The asymptotic steady-state separation angle
is seen also to be somewhat closer to the rear stagnation point.

The initial time of separation at the rear stagnation point is plotted against
Reynolds number in figure 8. The second- and third-order expansions are plotted
in the same figure. The Padé approximant is very close to the third expansion.
It does predict somewhat shorter times of initial separation for Reynolds numbers
higher than 500, and longer separation times for Reynolds numbers below §00.
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The Padé approximant [1/1] was a,pﬁlied to the drag coefficient. The results
are plotted in figure 11. The drag coefficient calculated by Padé approximants
is somewhat lower.

9. Conclusion

The initial flow over an impulsively started circular cylinder was solved by
using the method of matched asymptotic expansions to the third order. The
solution should be valid for 7' = U,t*[ry < 1, Re = Uyrefv, > 100. Because of (2)
and (3), the solution may be stretched to T' x 1 for higher Reynolds numbers.

The two basic characteristics of the flow (the vorticity and the vorticity
strength on the surface) were first derived, plotted and studied. At a finite time
after the impulsive start, separation of the boundary layer starts at the rear
stagnation point and progresses along the cylinder asymptotically to a final
separation angle. The lower the Reynolds number, the longer the flow takes to
start separating, and the closer to the rear stagnation point the final separation
angle. Although the solution is not valid for small Reynolds numbers, figure 8
seems to indicate the existence of a limiting Reynolds number, below which
separation will not take place.

Using the vorticity derivatives, the skin-friction drag, pressure drag, and
pressure distribution on the cylinder were derived. All these quantities agree
well with the computations of Collins & Dennis (1973 a, b). (See e.g. figures 8, 11,
12; tables 1-4.) The skin-friction drag and pressure drag have the same magni-
tude at the start of the flow, which agrees with Collins & Dennis. The drag
coefficient is compared with the recent numerical computation of Panikker &
Lavan (1975). At B; = 2, Re = 500, for T' < 0-5, the agreement is good.

The singular behaviour of flow properties at very small times could be treated
from the viewpoint of kinetic theory as in Rayleigh’s problem. (See e.g. Yang &
Lees 1956.) For large times, the present problem could be treated as indicated in
Robins & Howarth (1972), after Proudman & Johnson (1962). For intermediate
times, one may have to resort to direct numerical computation.

Padé approximants were used in an attempt to improve the results. The Padé
approximants agreed very well with the third-order expansion, indicating that,
probably, only minor improvements can be gained by calculating higher-order
approximations. '

The authors wish to thank Professor H. K. Cheng for bringing to their atten-
tion the question of unsteady boundary-layer separation points and the technique
of Padé approximants. The senior author thanks Professor H. K. Cheng and
Professor K. Stewartson for helpful discussions.



Flow over an impulsively started cylinder 647

REFERENCES

BAXER, G. A. 1975 Essentials of Padé Approximant. Academic,

BELCHER, R. J., Burearar, O. R., Cooks, J. C., RoBiNs, A. J. & StEwarTsow, K. 1972
Recent Research on Unsteady Boundary Layers,vol. 2 (ed. E. A.. Eichelbrenner). Quebec:
Laval University Press.

Corrins, W. M. & Denwis, S. C. R. 1973a Quart. J. Mech. Appl. Math. 26, 53.
CoLuns, W. M. & DeNnNts, S. C. R. 1973b J. Fluid Mech. 60, 105.

Jam, P. C. & Rao, K. 8. 1969 Phys. Fluids Suppl. 12, TI-57.

PANIERER, P. K. K. & Lavan, Z. 1975 J. Comp. Phys. 18, 46.

ProupMAN, I. & JomNson, K. 1962 J. Fluid Mech. 12, 161.

Ry, N. 1975 SIAM Rev. 17, 278.

Rosixs, A, J. & HowartH, J. A. 1972 J. Fluid Mech. 56, 161.

ROSENEEAD, L. (ed.) 1963 Laminar Boundary Layer. Oxford: Clarendon Press.
ScrLICHTING, H. 1968 Boundary Layer Theory. McGraw-Hill.

ScawaBe, M. 1943 N.A.C.A. Tech. Memo. no. 1039.

SEars, W. R. & Terronis, D. P. 1975 SIAM J. Appl. Math. 28, 215.
TrrioNIS, D. P. & Tsamaurs, D. T. 1974 Acta Astronautica, 1, 1487,

Taoman, D. C. & SzEwozyk, A. A. 1969 Phys. Fluids Suppl. 12, II-76.

VaN DYkE, M. 1974 Quart. J. Mech. Appl. Math. 27, 423.

Vax DYrE, M. 1975 Perturbation Methods in Fluid Mechanics. Parabolic.
Wang, C. Y. 1967 J. Math. Phys. 46, 195.

Yana, H. T. & Legs, L. 1956 J. Math. Phys. 24, 195,



